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Abstract—The main objective of this presentation is to apply
discrete FDTD theory to the stretched-coordinates PML for
cylindrical FDTD and derive the overall numerical reflection
coefficient off the PML region as a function of all algorithmic
parameters and harmonic solutions. For brevity, analysis are
limited to normal incidence on the radially arrayed PML region.
Obtained predictive equations are used to investigate PML
absorption as a function of cylindrical harmonics and proximity
to the axis of rotation.

I. STRETCHED-COORDINATES PML EQUATIONS

To effect absorbing boundary conditions, the coordinate
stretching variable [1] s(p,w) = 1 + 2(P) i5 used within the
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radial PML region which causes the stretched radial dimension
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where pg is the innermost PML interface position from the
z-axis. The parameter o(p) is graded for a smooth and
reflections-free absorption of outgoing waves. The correspond-
ing Maxwell’s equations, when reduced for normal wave
incidence-only TE* analysis can be written as

_ 0H,
wepE, = 99 (2)
O0H,
JwesEy = — P 3)
B = OE, B 0(sE,)
JwpsH, = o 9 4)

with E¢ = pEy and ", = pH .. Conversion to FDTD is
accomplished using
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where A;*L =1+ Ato;/(2¢), Bii = p; = Atd;/(2¢), i,n are
index counters along p, t,
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and 7; = €p;/d;. Equatigns (7)-(9) are the recursive versions
of the s(t) x X (t) and X (¢) * 1/p(t) time convolutions.

II. REDUCTION TO RADIAL-ONLY FINITE DIFFERENCES

The above time domain update equations need to be reduced
to a single pair of equations in preparation for multi-layer
reflection analysis [2]. This can be accomplished through em-
bedding the ¢ and ¢ finite differences with the TE* harmonic
solutions [3]
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This process is best done sequentially. Starting with time
embedding in (7)—(9), we can solve for the auxiliary variables
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Completing the time dependence infusion, as well as ¢ em-
bedding reduces the update equations to
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Eliminating E,, finally produces
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Fig. 1. A cylindrical wave impinging normally on a radially graded PML
region.

respectively, where
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ITII. STRETCHED-PML REFLECTION COEFFICIENT
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Fig. 1 shows (Eg4, H) field node distribution along the
radial dimension within the PML layers, where the inner-most
PML interface and the outer PEC backing coincide with E
field nodes. Ey4, and H,, are now expressed as
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where I is the overall PML reflection coefficient and 77, lumps
several inter-layer multi-reflection coefficients [4].

Populating (23)-(24) with these expressions, in a similar
manner to [2], [4] ultimately produces the tridiagonal matrix
equation UT =V, where
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Fig. 2. Effect of PML proximity to the z-axis and harmonic order on PML
performance. f = 1 GHz, Ap = Az = A\/R, A¢ ~ Ap/po, R = 20 cells
per wavelength, and cubic loss profile used.
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The numerical wavenumber 3 is obtained through solving the
cylindrical FDTD numerical dispersion relation [5].

Fig. 2 is a typical outcome from this efficient reflections
prediction. It compares I' at different cylindrical harmonics
(m) and pg = A, 10A. It is clear from the figure that as the
PML region’s position move further away from the z-axis,
more and more harmonics are absorbed at the same level of
m = 0 absorption. On the other hand, harmonic absorption
degrades when the PML is brought closer to the z-axis, and
this degradation increases with mode order. More analysis
along with validating simulations will be presented during the
conference.
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