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Introduction  
 

Many literatures have been published on analysis, experiment and application of 
PBG structure since Yablonovitch [1] discovered that structure prohibits EM wave 
propagation for specific frequency bands. Many analytical methods have been 
developed, such as PWE (Plane Wave Expansion) [2-5] in frequency domain, FDTD 
[6] in time domain, and transfer matrix method [7], etc. Among them, PWE is suitable 
for a structure with infinite periods, whereas FDTD is the best for a structure with 
finite periods. For a PBG structure consisting of isotropic or anisotropic media, MIT 
Photonic-Bands package [5], based on the model of H

r
 wave-equation derived from 

Maxwell equations, is a source-opened powerful tool. On the contrary, there is no 
analytical tool available for PBG structures consisting of general complex medium, 
especially bi-isotropic and bi-anisotropic materials, hence their frequency responses of 
propagation characteristics are still unknown. The aim of this article is just to report 
our work on developing a simulating tool, based on PWE method, to analyze PBG 
structure consisting of general complex media. In addition, some simulated results for 
typical 2-D PBG structure consisting of chiral medium are given, which shows that the 
appropriate chirality can obviously enhance the width of band-gap. 

Modeling   

In a source free, inhomogeneous medium, Maxwell equations have the form: 
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 for isotropic medium,  
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 for bi-anisotropic medium. 

Eliminating E
r

 and H
r

from Eq.(1) by using constitutional relations, we have 
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In a PBG structure, the periodic medium parameters with lattice vectors R
r

 can 
be written as: [8,9] 
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By expressing the EM fields as Bloch waves, making Fourier expansion on the 
resulted periodic function, and further employing transversal characteristics of both 

GD r
r

 and GB r
r

 fields [always perpendicular to the wave vector )( kG
rr

+ ], yields: 
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(4) 
where { G

r
} are lattice-vectors in reciprocal lattice space, i.e. k

r
-space, and k

r
 is in 

the first Brillouin zone of this space. The fields with subscript G
r

 are in the Fourier 
domain. Vector ( )Gk

rr
+  is orthogonal to both GB r

r
and GD r

r
. The unit-vectors Ge r

r
1 , Ge r

r
2  

and ( ) GkGke G3

rrrrr
r ++=  span a G

r
-specific orthogonal coordinates. 

Substituting (4) into (2) yields an eigenvalue equation: 
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This equation can be solved by using either matrix-based eigensolver or iterative 
eigensolver.  
 

(I) Matrix-based eigensolver:  the media parameters need to be further expressed 
in Fourier series as  
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where the integration is done on a spatial cell V formed by 1ar , 2ar  and 3ar . The 

eigenvalue equations for all G
r

 in spectral domain are expressed in matrix form: 
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with a non-Hermitian matrix {•}. It is ready to be solved by matrix-based eigensolver 
such as ZGEEV in LAPACK from www.netlib.org.  
 

(II) Iterative eigensolver:  it is not necessary to build explicit matrix form. The 
matrix information is obtained by operation as shown in Eq.(5), which can be done 
efficiently in the following steps: (by N terms truncation of Fourier expansion) 

 
(1) Inflate the given 4×1×N column vector in Eq.(4) into a 6×1×N column vector.  

(2) Do FFT from spectral coefficients to field strength at discrete points in a 
primitive cell of spatial domain.  

(3) Make scalar product of field vector by dyadic parameters of media at these 



points.  
(4) Do Inverse FFT from resulted field strength at discrete points in a primitive 

cell to the spectral coefficients.  
(5) Make curl operation on the resulted field expansion expression and deflate the 

resulted column vector.  
All the above procedures are diagonal or equivalent operation 

Since the scalar-product of field vector by dyadic parameters of media are taken 
place at discrete points in a primitive cell of spatial domain, the convergence behavior 
as well as the frequency accuracy will not be guaranteed due to the poor representation 
of actual geometry of the structure. An averaging operation of effective constitutive 
parameters for a grid across the interface is beneficial to minimize the errors. Based on 
the law of continuity of either normal flux-density ( nn BD & ) or tangential field 
strength ( tt HE & ), the different averaging schemes are adopted. Denote: 
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then the effective constitution matrices may be summarized as: 
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Example 
 

The structure under consideration is an array of parallel cylindrical air-holes 
periodically arranged as triangular lattice in a chiral medium. The dyadic constitutive 
parameters of chiral medium can be written as: Ir

tt  0εεε = , Ir

tt  0µµµ = , 

( )Icj r

tt
1−−= κξ and Icj r

tt
 -1κζ = , 00µε=c .  

Giving constitutive parameters 13=rε , 1=rµ ; and sizes aaa == 21
rr

 and 

ar 48.0= .   
When isotropic medium ( 0=rκ ) is used as host, it possesses a complete (for all 

directions and any polarization) band-gap, its bandwidth is about 18.34% (from 
MPB-code). 

When chiral medium ( 0≠rκ ) is employed as host, the width of the band gap 
will be increased significantly. Table 1 & 2 show the results by using Matrix-based 
eigensolver and Iterative eigensolver, respectively. The former took about 6 hours, but 
the latter only 5 minutes to calculate multi-frequency {f} for one value of wave-vector 
k
r

. Corresponding to an appropriate rκ  value, a maximal band-gap (about twice of 
that from isotropic host) is reached. 

 
 

Conclusion 



 
Two essential improvements on the plane wave expansion method are proposed: 

(1) Modeling DB-eigenvalue equations (replacing the H-eigenvalue equation). (2) 
Integrating an iterative eigensolver (replacing the matrix-based eigensolver). Two 
contributions are presented: (1) the modeling and eigensolver presented in this paper 
can be used to treat complicate structure with bi-anisotropic medium. (2) The 
computation process of PBG consisting of complex medium is fastened (with ~70 
times of speed improvement). (3) A wideband PBG consisting of chiral medium is 
predicted (with double bandwidth of that of isotropic dielectric). 
 

Based on DB-equations 
κr 1e-9 1e-5 0.1 1.0 2.0 2.5 2.75 3.0 3.3 3.6 

Bandwidth 
(%) 17.70 17.70 17.73 21.13 29.95 35.36 35.98 35.33 30.97 19.43 

Table 1.  The bandwidth of PBG at different chirality  (matrix-based eigensolver) 

 
Based on DB-equations and iterative eigensolver 

κr 1e-9 1e-5 0.1 1.0 2.0 2.5 2.75 3.0 3.3 3.6 
Bandwidth 

(%) 18.84 18.84 18.89 23.34 30.10 31.86 32.64 32.54 30.87 -- 

Table 2.  The bandwidth of PBG at different chirality  (iterative eigensolver) 
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